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Abstract This paper is motivated by the observation that the characteristic morphism of
an algebra relates to certain smoothness condition closely. We show that for an algebra
A of finite global dimension, if the characteristic morphism is injective, then A has finite
Hochschild cohomology dimension. In particular, if A is semi-simple, then the characteristic
morphism is injective if and only if A is homologically smooth. Moreover, the characteristic
morphism of a finite dimensional path algebra is injective. Recall that a path algebra is
always homologically smooth.
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1 Introduction

Let k be afield and A an associative algebra over k. There exists an algebra homomorphism,
called the characteristic morphism, from the Hochschild cohomolgy of A to its derived
center, the graded center of the derived category. In this paper, we mainly discuss the injec-
tivity of characteristic morphisms, and show how it relates to the homological smoothness
condition on algebras.

Hochschild cohomology was first introduced for algebras over a field [19], and then
extended to algebras over more general rings [10]. Hochschild cohomology groups, espe-
cially the ones of lower degrees, have meaningful interpretation, and for this reason,
Hochschild cohomology theory has found wide applications in different research fields,
such as representation theory, algebraic geometry, mathematical physics and so on.

The calculation of Hochschild cohomology groups is highly nontrivial in general. Some
typical well understood examples can be found in [11, 18, 34]. The simplest example next
to semi-simple algebras is given by a path algebra over a field, where the Hochschild coho-
mology groups of higher degrees (> 2) vanish, and the dimension of the first Hochschild
cohomology group is calculated by counting the number of arrows and paths in the quiver [18].

In many situations, for instance, in the study of the algebraic structures (Gerstenhaber
algebra, Batalin-Vilkovisky algebra, and so on) on the Hochschild cohomology groups, it
will be very helpful if an explicit basis is given. We mention that even for a path algebra,
it is not easy to find in literature such a basis, although every expert working in this area
will have one in mind. An interesting observation shows that for any finite acyclic quiver
0, there exists a combinatoric construction for a basis of HH! (kQ), which is independent
of the base field k; see Proposition 4.6 below.

One may compare the construction with the one in [15], where a basis of the first
Hochschild cohomology group of a path algebra has been constructed in a different way in
case the quiver is finite planar acyclic and the ground field is of characteristic 0. Recall that
a planar quiver is a quiver that can be embedded in the plane.

We simply use D?(A) to denote the bounded derived category D?(A-mod) of the cat-
egory of finitely presented left A-modules. D?(A) is a triangulated category and one may
study its graded center Z*(D”(A)). The idea of studying the graded center of a graded
category has been used by many authors from different perspectives, see for instance
[4,7, 25, 26, 28].

The derived tensor product induces a map, called the characteristic morphism (a detailed
definition will be given in Section 2.3), from the Hochschild cohomology algebra HH*(A)
of A to Z*(D"(A)), which plays an important role in the support theory [2, 4, 5, 31], the
deformation theory for abelian and derived categories [27], the block cohomology of groups
[25], and in the study of Hochschild cohomology of singular spaces [8].

The characteristic morphism is a homomorphism of graded algebras, which is neither
injective nor surjective in general. Naively we may ask when a characteristic morphism will
be injective or surjective, and how to characterize the kernel and the image. Only partial
answers are known to us at moment.

We give a characterization of the image of an element in HH' (A) under the characteristic
morphism, which plays an important role in our study of the injectivity of the characteristic
morphism, especially its restriction to HH' (A).

We only focus on the injectivity problem. We point out that the injectivity condition
on a characteristic morphism relates to homological smoothness condition on the algebra
closely. Recall that an algebra A is said to be homologically smooth if A has finite projective
dimension as A-bimodules. The following result is obtained in Theorem 5.2.
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Theorem 1.1 Let A be a k-algebra of finite global dimension. If the characteristic mor-
phism of A is injective, then A has finite Hochschild cohomology dimension, i.e., HH" (A) =
0 for sufficiently large n.

Obviously a homologically smooth algebra has finite Hochschild cohomology dimen-
sion, while the finiteness condition on Hochschild cohomology dimension does not imply
the homological smoothness in general, and counterexamples can be found in [9]. But it
still remains unknown to us whether the injectivity of the characteristic morphism implies
the homological smoothness. Inspired by the above theorem, we may ask the following
question.

Question Let A be a k-algebra. Does it hold true that the characteristic morphism of A is
injective if and only if A is homologically smooth?

We have only obtained very first results on the question. We begin with the simplest
cases. First assume that A has global dimension 0, or equivalently, A is semi-simple. Then
the graded center of its derived category is trivial, and we have the following characteri-
zation, which is a part of Theorem 5.6 and gives an affirmative answer to the question in
semi-simple case.

Theorem 1.2 Let A be a semi-simple algebra over a field k. Then the characteristic
morphism of A is injective if and only if A is homologically smooth.

Next we move to hereditary algebras, that is, algebras of global dimension 1. We have an
affirmative answer to the question in a specific case, say for finite dimensional path algebras,
where there exists a nice basis of its Hochschild cohomology. Note that a path algebra
is always homologically smooth, and the above question asks whether the characteristic
morphism of a path algebra is injective. The answer is yes. The following result is obtained
in Theorem 5.7.

Theorem 1.3 Let k be a field and Q a finite acyclic quiver. Then the characteristic
morphism of the path algebra kQ is injective.

We mention that the case of an arbitary hereditary algebra is not known to us yet. The
reason is that we do not have a nice description of basis elements in the Hochschild coho-
mology groups, and our argument does not apply in this case. While if k is an algebraically
closed field, then we have a more general result: the characteristic morphism of a finite
dimensional hereditary k-algebra is injective. In fact, it was shown in [18] and [29], the
Hochschild cohomology is invariant under derived equivalence, see also [21] for a version
for differential graded algebras. Now the conclusion follows from the above theorem and
the fact that the graded center is a derived invariant.

The paper is organized as follows. In Section 2 we recall some basic notions and nota-
tions. Section 3 is devoted to the characterization of the image of a first Hochschild cocycle
under the characteristic morphism, and a criterion for the image being zero is also given
there.

In Section 4, we construct a basis of the first Hochschild cohomology group of the path
algebra of a finite acyclic quiver. We discuss the relation between the injectivity of the
characteristic morphism and the homological smoothness condition, and obtain the main
results of this paper (Theorem 1.1 through 1.3) in Section 5.
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2 Preliminaries
Let A be a k-algebra and M an A-bimodule. Throughout, all unadorned ® will denote ®i.
2.1 Hochschild Cohomology

Let HC®*(A, M) denote the following complex

0 1 2
0 — Homy (A%, M) 2> Homy (A, M) 2> Homy (A%2, M) & ...

n—1 n n+1
2 Homy (A®", M) &5 Homy (A®" !, My 2 ...

of k-spaces, where A? = k, and each differential 8" (n > 1) is defined by setting

(8" f)(ar, az, -+, an+1)
= aif(az, -, ant1) + Y (=1 flar, -+, aigis1,*+ , ang1)
+ED far - an)ans
forany f € Homy (A®", M),ay, a2, ,ans1 € A,and 8°( ) (@) = af ()= f(Da for any
f € Homy (k, M), a € A. The n-th Hochschild cohomology group HH" (A, M) of A with

coefficients in M is defined to be the n-th cohomology group of HC*(A, M). HH" (A, A)
is simply denoted by HH" (A), and called the n-th Hochschild cohomology group of A.

Remark 2.1 Set A° = A ® AP to be the enveloping algebra of A. We use m to denote the
multiplication map of A. Consider the bar resolution of A

Bar*(A): ... — A% B p@3 A ye2
where foreachn > 1,
dy= Y (=D @ m @ 1d*" .
0<i<n
Together with the multiplication map m: A®? — A, Bar®(A) gives a projective resolution

of A as A-bimodules; and for any A-bimodule M, Ext}. (A, M) is computed as cohomology
groups of the complex

.-+ — Homyue (A®*, M) — Homue (A®3, M) — Homyue (A®%, M) — 0.

By applying the natural isomorphism Hom e (A®"+2, M) = Homy (A®", M), the above
complex is isomorphic to HC®*(A, M), and consequently we have

HH" (A, M) = Ext}}.(A, M), n > 0.

Remark 2.2 (1) The Hochschild cohomology is defined for an algebra A over an arbitrary
commutative base ring k, and if A is projective as a k-module, then HH" (A, M) =
Ext’y. (A, M) for any A-bimodule M and any n > 0, see Corollary 9.1.5 in [33] for
instance.

(2) It was shown in [13] that HH*(A) = EBneZ HH"(A) is a positively graded commuta-
tive algebra under the Yoneda product; moreover, HH*(A) possesses a Gerstenhaber
algebra structure.

(3) The lower dimensional Hochschild cohomology groups have the following well-
known interpretations:

(a) HH®(A) = Z(A), where Z(A) denotes the center of A;
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(b) HH'(A) = Der(A) /InDer(A), where Der(A) is the k-space of derivations of A, and

InDer(A) the subspace consisting of inner ones.
Recall that a derivation of A is alinear map § € Homy (A, A) with §(ab) = §(a)b+

ad(b) foralla, b € A. For each a € A, the map 9, = [a, —], x — ax — xa defines a
derivation, and we call it the inner derivation induced by a. Clearly, inner derivations
form a k-subspace. If a derivation is not inner, then we call it an outer derivation.

(c) HH?2 (A) controls the infinitesimal deformations of A, and HH3(A) describes the
obstruction to extending an infinitesimal deformation to a formal one. We refer to [14]
for an explanation.

2.2 Graded Center of a Triangulated Category

By a graded k-category we mean a pair (C, X), where C is a k-category and X an auto-
equivalence of C. The graded center of a graded k-category (C, ¥), denoted by Z*(C, ),
is defined to be the Z-graded k-space Z*(C, £) = €, Z"(C, ¥), where for each n,

Z'C, %) ={n:1dc — £" | Zn = (-1)"nZ}.

For any n € Z"(C,X) and ¢ € Z™(C, X), a routine check shows that ¥"n o ¢ €
7"t (C, ¥). Thus the assignment n¢ = X™n o ¢ defines a multiplication on Z*(C, %),
which is easily shown to be associative and graded commutative, where graded commutative
means that n¢ = (—1)""¢n forany n € Z"(C, £) and ¢ € Z"(C, X).

Remark 2.3 (1) The classical center Z(C) of a category C is formed by all natural transfor-
mations from the identity functor to itself. Clearly, 7Z9(C, £) € Z(C), and the equality
holds if ¥ = Id¢.

(2) Note that Z*(C, X) is not necessarily a set in general; it will be if C is small.

A triangulated category is a graded category (C, X) together with a class of tri-
angles, called distinguished triangles, satisfying certain axioms. Recall that a tringle

(X,Y, Z, f, g, h), usually written as X i) vy & 2z i) ¥ X, consists of three objects X, Y
and Z together with morphisms f: X — Y, g: Y — Zand h: Z — X X. In this case,
the graded center Z*(C, X) is called the graded center of the triangulated category C, and
simply denoted by Z*(C). We refer to [17, 32] for details on triangulated categories.

The condition ¥n = (—1)"nX in the definition seems to be meaningful in this case. In

fact, for any n € Z"(C) and any distinguished triangle X —f> y £ z25% sxin C, the
equality Xn = (—1)"nX ensures the existence of a morphism of triangles

x—1 .y 9 g o wx
lnx L(l)"’r}y L"]Z iz’r]x
—1ren —1ren —1)"s"h
sy TV sy CV I 0 GV ey

2.3 The Characteristic Morphism

Let A be an algebra. We denote by A-Mod the category of left A-modules, and A-mod
the full subcategory of finitely presented ones. We simply denote D(A-Mod) by D(A)
and D?(A-mod) by DP(A). Note that A-mod is a small exact category; and it will be an
abelian category if A is left coherent. Moreover, by Lemma 7.7 in [22], the embedding
A-mod C A-Mod induces a fully faithful exact functor D?(A) - DP(A-Mod).

@ Springer



976 B. Wang etal.

It is well known that D? (A) is a triangulated category with the shift functor [1], and the
category A-mod is a full subcategory of D?(A), where each A-module is viewed as a stalk
complex concentrated in degree 0. Moreover, for any pair of A-modules M and N, we have
natural isomorphisms

EXtZ(M, N) = Hompa)(M, N[n]),n > 0.

For each n > 0, applying the natural isomorphisms HH"(A) = Ext).(A, A) and
Ext}.(A,A) = Hompae)(A, A[n]), any n € HH"(A) can be viewed as a mor-
phism in Homp4e)(A, A[n]), which is again denoted by 5. Clearly n induces a natural

L L
transformation x (n): A ®4 — —> A[n] ®4 —, where

L L
A®a—, Aln]®4 —: D(A) — D(A)
are left derived functors of A ® 4 — and A[n] ® 4 — respectively. Using the fact A is flat as a

right A-module, we obtain natural isomorphisms A (% A — =1Idp(a), and A[n] (%) A— =[n].

It is routine to check that x () € Z"(D(A)). Thus there is a map from HH*(A) to
Z*(DP(A)). Composed with the restriction map Z*(D(A)) — Z*(D"(A)), we obtain a
well-defined map x: HH*(A) — Z*(D"(A)). Here we use the fact that D?(A) is a full
subcategory of D(A).

Remark 2.4 1t is shown in [28, 4.5] that x is a homomorphism of graded commutative k-
algebras. In fact, in geometric contexts such a map can be viewed as an algebraic version of
the Fourier-Mukai transformation, see [7, 3.3]. x is called the characteristic morphism of A.
We mention that the above construction also defines homomorphisms HH*(A) —
Z*(D(A)) and HH*(A) — Z*(D?(A-Mod)), and y factors through both of them.

Remark 2.5 Obviously, for an arbitrary abelian category C, any endomorphism of Id¢ lifts
to an endomorphism of Idp) which commutes with the shift functor [1], where D(C)
denotes the derived category of C, bounded or unbounded. In other words, there is a natural
embedding of graded rings Z(C) — Z°(D(C)).

We apply this fact to module categories. A classical result says that there are isomor-
phisms Z(A) = Z(A-mod) = Z(A-Mod) of commutative k-algebras. Thus we obtain
embeddings Z(A) — Z%(D(A)) and Z(A) — Z°(DP(A)). We may identify HH(A) with
Z(A), and the above inclusions are compatible with

x%: HH(4) — Z°%(D(A)) — Z°(D*(A)),

the degree 0 component of the characteristic morphism.

3 The Natural Transformation Induced by a Derivation
3.1 Derivations and Bimodule Extensions

We first introduce some useful notations. Let A be an algebra and § € Der(A) a derivation
of A. For any left A-module M, M &5 M is defined to be the A-module with the underlying
k-space M & M, and the module action given by a(m, n) = (am+3(a)n, an) forany a € A
and m,n € M. In particular, A @s A is an A-bimodule under the usual right A-module
action.
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The Characteristic Morphism of An Algebra 977

Remark 3.1 (1) 1If §, 8 are derivations of A with § — 8’ € InDer(A), then there exists an
isomorphism of A-bimodules A @5 A = A @y A. In fact, assume § — §’ = 9, for some
ac A, thenthemap F: A@s A —> A Dy A, (x,y) — (x +ay, y) gives the desired
isomorphism. In particular, if § is an inner derivation, then A &5 A = A @ A, the usual
direct sum.

(2) TItiseasytocheckthat M &s M = (A @5 A) @4 M.

(3) We have the following general construction. Let § be a derivationof Aand f: N - M
a homomorphism of left A-modules. Then we may endow the k-space M @& N a left
A-module structure with the module action given by a(m, n) = (am + §(a) f (n), an)
foranym € M,n € N,and a € A. Then M ®; M is the special case by setting
M = N and f = Idy.

For any A-modules M, N, we denote by Yext! (M, N) the set of isoclasses of short exact
sequences of A-modules with the first term N and the last term M. There exists a natural
isomorphism of bi-functors Yexti‘ (——-) = Exti‘(—, —). The following lemma explains
why we introduce the above construction.

Lemma 3.2 Under the natural isomorphisms HH'(A) = Extke (A,A) = Yext/lqg(A, A), a
derivation § of A maps to the isoclass of the short exact sequence

(‘l)) (0.1)

0>A—"F5ApsA— A— 0.

Proof The assertion follows directly from the commutative diagram of homomorphisms of
A-bimodules

Awt B gqes D ge2_m Ly 0
oy b
(o) (0.1)
0 A Aps A—— A —— 0,
where f, g are given by f(a ® b ® ¢) = ad(b)c and g(a ® b) = (§(a)b, ab). O

3.2 Derivations Viewed as Morphisms in Derived Category
As we have mentioned above, there is a natural isomorphism Exti\ (M,N) =
Hompa)(M, N[1]) for any A-modules M, N. Note that each A-module M can be viewed

as a stalk complex concentrated in degree 0, which by abuse of notation also denoted by M.

Let & be a short exact sequence 0 — N i) E 5 M — 0. We denote by [£] the isoclass

of short exact sequences which contains §. Denote by X the complex

0 N—L.F 0

where Xg = E, X; = N and Xé = 0 for i # 0, 1. Then we have a quasi-isomorphism
s: X = M, say

L
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978 B. Wang etal.

Here we use the usual notation “ = ” to denote a quasi-isomorphism of complexes.
Moreover, we have a morphism of complexes u: X — N[1] given by

f

0 N E 0
0 N 0 0

where the bottom complex is N[1], a stalk complex concentrated in degree 1. Now M =
Xg LN N[1] (usually called a roof) gives a morphism u/s: M — N[1] in D(A). Note
that u/s can be viewed as u o s~ .

We mention that the map « o s~

is independent of the choice of representatives in [£].

In fact,let&’ : 0 — N L) E' £ M — 0 be a short exact sequence isomorphic to £. Then
we have a commutative diagram

N—Lop—tony

H f/ l ’ H

N E M

«
/ g

0 0

0

0,

which induces an isomorphism of complex &: X2 — X, given by

0 N—L.oF 0
0 N 0.

We may define s': X — M and u' Xz — N[1]similarly. Clearly we have s = s'oa
and u = u’ o @&, and hence u/s = u/s’.

We have shown that the above assignment defines a map from Yext}% (M,N) to
Hompa) (M, N[1]), which coincides with the composite of the isomorphisms

Yextl, (M, N) = Ext! (M, N) = Homp ) (M, N[1]).

In particular, for a derivation § € Der(A), the image of 6 in Homp4e)(A, A[1]) is shown
as follows.

O=<=——O —>O
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3.3 The Image of a Derivation

We are now ready to study the image of a derivation under the characteristic morphism.
Let & be a derivation of A, and § its image in HH!(A). By definition, when restricted to an
A-module M, the map X(S)M. M — M][1] is given as follows.

0 0 M 0
I .

(o)
0 M M@s M — 0 — ..
0 M 0 0

Note that we use the fact (A @5 A) @4 M = M @5 M here. Then we have the following
useful lemma.

Lemma 3.3 Let § be a derivation of A. Then for any A-module M, under the isomorphisms
Hompay(M, M[1]) = Extk(M, M) = Yextl‘(M, M), the map x (8)py: M — M[1] maps
to the isoclass of the short exact sequence

(I) (0.1)

O-M-—M&M—M— 0.
We draw the following easy consequence.

Proposition 3.4 Let § be a derivation of A. If x(8) = 0, then the short exact sequence
1
0,1
0—-> M Q) M &s M —> ©n M — O splits for any A-module M. Moreover, if A is
hereditary, then the converse statement also holds true.

1
Proof Note that for an A-module M, 0 — M Q M ds M — M — 0 splits if and
only if x (8)p = 0. Thus the first assertion is obvious.

A classical result says that for a hereditary algebra A, any object in D(A) can be written
as a direct sum of stalk complexes. If x(8)3 = O for any stalk complex M concentrated
in degree zero, then x (8)p; = 0 holds for all stalk complexes and hence for all complexes.
The last conclusion follows. O

We end this section with two technical lemmas for later use.
Lemma 3.5 Let § be a derivation of A and M an A-module. Then the sequence 0 —

(1) 0.1)

M —5 M@®sM —— M — 0 splits if and only if there exists a k-linear map f: M — M,
such that f(am) = af (m) + §(a)m foranya € Aandm € M.
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980 B. Wang etal.

((1)) 0.1

The proof is easy. In fact, 0 > M —> M @&s M —— M — O splits if and only if there
exists an A-module homomorphism (;’;) M — M @®s M such that (0, 1) (;) = Idy.

The last equality implies that g = 1; and ({ ) is an A-module homomorphism if and only
if f(am) = af(m) + 8(a)m.

Lemma 3.6 Let § be a derivation of A. Suppose that the sequence

(‘1’) 0.1)

O->M—">MdM—>M—>0

splits for any A-module M. Then §(a) € {(a) for any a € A, where (a) = AaA is the ideal
generated by a.

Proof We consider the module M = A/(a). By Lemma 3.5, there exists some f: M — M,
such that for any m € M, f(am) = af (m) + §(a)m. Thus 0 = f(a) = f(al) = af(1) +
8(a)l = §(a), which is equivalent to §(a) € (a). O

4 Derivations of a Path Algebra

In this section we will give a basis of the Hochschild cohomology group of a finite dimen-
sional path algebra, which is handy in our later use. We mention that such a basis should be
known to people working in this area, although it is difficult to find it in literature.

4.1 Quivers and Path Algebras

A quiver is, roughly speaking, an oriented graph. More precisely, a quiver Q =
(Qo, Q1, s, t) is given by a quadruple, where Qy is the set of vertices, Q1 the set of edges
which are usually called arrows, and s, 7: Q1 — Qg are two maps assigning to each arrow
« its starting vertex and terminating vertex respectively. If both Qg and Q1 are finite sets,
then we call Q a finite quiver. All quivers considered here are assumed to be finite.

A non-trivial path p in Q is a sequence of arrows «,, - - - a1 with 7 (o;) = s(ej41) for
1 <i <n-—1;s(xy) and #(e,) are called the starting vertex and terminating vertex of p,
and denoted by s(p) and 7 (p) respectively; and n is called the length of p, and denoted by
I(p). For each vertex v, we denote by e, the trivial path which starts and terminates at v and
which has length 0. The set of all paths in Q is also denoted by Q.

Set k Q be the Kk-space with a basis consisting of all paths in Q. Then the concatenation of
paths defines an associative multiplication on k Q. We call such an algebra the path algebra
of Q and denote it by kQ. kQ has an identity element if and only if Qy is a finite set, and
in this case, lxg = ) e,. For unexplained notions on quivers and path algebras, we
refer to [1] and [30].

veQo

Remark 4.1 (1) Anoriented cycle in Q means a nontrivial path with the same starting and
terminating vertex. A quiver Q is said to be acyclic if Q has no oriented cycles. A path
algebra kQ is finite dimensional if and only if Q is a finite acyclic quiver.

(2) The path algebra kQ is a hereditary algebra. If k is an algebraically closed field, then
any finite dimensional k-algebra is Morita equivalent to a path algebra of some finite
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The Characteristic Morphism of An Algebra 981

quiver modulo an admissible ideal, in particular, any finite dimensional hereditary
k-algebra is Morita equivalent to a path algebra of some finite acyclic quiver.

(3) It was also shown in [18] that HH" (kQ) = 0 for any finite quiver Q and any n > 2.
Moreover, if Q is connected and is not an oriented cycle, then HHY &kQ) =k.

4.2 Derivations of a Path Algebra

Let Q be a finite quiver and A = kQ the path algebra. We say that two paths p, p’ in Q are
parallel, denoted by p || p/, if s(p) = s(p’) and ¢(p) = t(p’). For any vertices s, t € Qo,
Q:.s denotes the set of all paths starting at s and terminating at ¢. Clearly, 1 = ZUGQ o €v
is an orthogonal idempotents decomposition of the identity, that is, e;e; = J,,e5 for all
s,t € Qp, here we use the Kronecker delta notation. The idempotent decomposition gives a
double Pierce decomposition A = P 5.1€00 €1 Ae;s. Note that each e; Ae; has a k-basis Q; ;.

We have the following well-known results on derivations of a path algebra. For the con-
venience of the readers we also include a proof. We mention that the result holds true for
any associative algebra and any orthogonal idempotent decomposition of the identity.

Lemma 4.2 Let d be a derivation of A. Then there exists a derivation d such thatd — d €
InDer(A) and d(e,) = 0 for any vertex v € Q.

Proof Tt is equivalent to show that there exists some inner derivation d’ such that d’(e,) =
d(ey) holds for all v € Qy.

For any v € Qg, we may write d(ey) = )
determined by d.

Since d is a derivation and e, an idempotent, we have

v v M
5,100 X7 s, where X7 € kQ; s are uniquely

d(ey) = d(e) = eyd(ey) +d(ey)ey,

and hence
DXL = XoH D Xiu= )0 Xig+ )L Xi,+2X[,
s,t€Qq s€Qo teQo s€Qq,sF#v teQo,t#v

By comparing the left side and the right side of the above equality, we obtain that X} , = 0,
and X, = 0 if none of s and ¢ equals to v.
Moreover, by applying d(1) = 0, we know that X7 | = —Xf’s holds for any s # t € Q.

Seta =3 .o, Xi - and let 9, be the induced inner derivation. Then for any v € Qo, we
have
0a(ey) = Z va,sev - Z eUth,s
s,t€Qq s,t€Qq
= Z X;),vev - Z eUXls),s
teQo s€Qo
= 2 Xheot ) eXj,=d)
teQo s€Qo
which completes the proof. O

Lemma 4.3 Let d be a derivation of A with d(e,) = 0 for any v € Qq. Then for any
nontrivial path p, d(p) is a linear combination of paths parallel to p.
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Proof Sets = s(p)and t = t(p). Then

d(p) = d(e;pes) = d(e) pes + e;d(p)es + e, pd(es) = e;d(p)es,
and the conclusion follows. O
4.3 A Basis of HH' (k Q) for a Finite Acyclic Quiver Q

As an algebra the path algebra A = kQ is generated by kQ¢ and kQ1, therefore by the
Leibniz rule any derivation of A is determined by its values on all trivial paths and arrows.
To give an explicit basis of HH' (kQ), we need the following notation.

Leta € Qo be anarrow in Q1 and p || « a (possibly trivial) path in Q parallel to «. Then
there exists a unique derivation of A, denoted by 3L, such that 8% (e,) = 0 for any v € Qo,
88 () = p, and 3% (x) = 0 for any x € Q; with x # .

Remark 4.4 By Lemma 4.2, the set {32 | @ € Qp, p € O, p | «} together with InDer(A)
linearly span Der(A). In other words, HH!(A) = Der(A) /InDer(A) is linearly spanned by
the image of all 3.

As usual, we also denote the image of a derivation d of A in HH'!(A) by d. We mention
that 82°s are linearly independent in Der(A), while 9l’s are not in HHl(A). To obtain a
basis of HH! (A), it suffices to remove some redundant derivations.

Recall that a spanning forest I" of a quiver Q is a subquiver of Q whose underlying graph
contains no cycles and which is maximal with this property.

Remark 4.5 (1) Spanning forests are not unique in general.

(2) Assume Q has r connected components. Then the maximality requirement implies that
IT'1] = |Qol| — r, and the number of connected components of I" is also . Moreover,
two vertices vy and vy belong to the same connected component of I' if and only if
they belong to the same connected component of Q. In particular, if Q is connected,
then I' is connected and has exactly |Qg| — 1 edges.

Proposition 4.6 Let Q be a finite acyclic quiver, A = KkQ the path algebra, and T a
spanning forest of Q. Then

{00 leeQi,pe @ plla)\(35]e T}

is a basis ofHH1 (A) = Der(A)/InDer(A).

Proof Set X = {0) | a € Q1 peQ,pllatand Xr = X \ {9 € I'1}, and denote

by X, Xr their i " images in HH'(A). To show that X gives a basis, one needs to show that

derivations in Xr are linearly independent in HH'(A), and Xr linearly generates HH!(A).
Firstly, suppose that ay, bg , € k are such that

Y awdi+ Y. bp,df €InDer(A),

OI€Q1\F1 BeQ1.peQ
PlB.p#p
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that is,
D awdi 4 Y bppdf =Y e, + Y dpdp (4.1)
acQi\IN BeQ1.peQ veQo PEQ>1
PlB.p#p

for some ¢y, d), € k, here Q> denotes the set of all non-trivial paths.
Obviously by evaluating the Eq. 4.1 at any e, (v € Qp), we obtain that

> dyp— Y. dpp=0.
peEQ>1.5(p)=v PEQ=1,t(p)=v
By assumption Q is acyclic, which implies that for any nontrivial path p, s(p) = v and
t(p) = v never occur simultaneously, then the above equality forces d, = 0 whenever
s(p) =vort(p) =v,and hence all d),’s vanish.
Moreover, for any 8 € Q1, by evaluating the Eq. 4.1 at 8 we have bg , = 0 for all
p % B, p |l B. Thus (4.1) reads as

Z agdy = Z Cyde, -

acQ\I' veQo

Now for any arrow y € ' € Q1, by evaluating the above equation at y, we have

0= Z aaag(y) = Z Cy0e, (¥) = (Ct(y) - Cs(y)))ﬂ
aeQi\I' veQo

and hence ¢;() = ¢;(y). It forces that all ¢,’s with v in the same connected component of
I are equal. Since I' is a spanning forest of Q, we deduce that all ¢,’s with v in the same
connected component of Q are equal. For any connected component Q' of Q, it is easy to
check that ZUE% e, = 0, and it follows that Zate\Fl aady = Y e, Cvde, = 0. Thus
givenany y € Q1 \I';, wehave a,y = ZO(EQ]\F] aqdg (y) = 0, and hence a,, = 0.

We have shown that all the coefficients a,’s and bg ,’s must be 0, and the linear
independence of Xr follows.

Next we show that Xt generates HH!(A). Since X spans HH! (A), it suffices to show
that any 95 with o € I'y is a linear combination of elements in Xr and inner derivations.

For any « € I'1, consider the subquiver ', = I' \ «. Now we may define a {0, 1}-valued
function f, on Q¢ as follows,

£, (v) = 1, if v and () belong to the same connected component of I'y;
7710, otherwise.

Then it is straightforward to verify that

00 = £, — Y. El(B) —fuls(8)),
ecQp BeOI\TI'

which completes the proof. O
We draw the following easy consequence.

Corollary 4.7 ([16]) Let Q be a finite connected acyclic quiver. For any o € Q1, denote
by v(a) the number of paths parallel to «. Then

dimg HH'(A) = ) v(@) = (1Qol — D).
aeQ
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5 Characteristic Morphism of a Path Algebra

The characteristic morphism of an algebra is neither injective nor surjective in general. In
this section, we will discuss the question when a characteristic morphism is injective or
surjective, and show how the injectivity of the characteristic morphism relates to certain
smoothness condition closely.

5.1 We Begin with an Interesting Example in which the Characteristic
Morphism is Neither Injective Nor Surjective

Example 5.1 Let k be a field of characteristic 0, and A = k[x]/(x?) the ring of dual
numbers over k. It is known that HH! (A) = k. By some tedious calculation one shows that
the characteristic morphism y maps HH' (A) to 0. Thus y is not injective in this case.

Moreover, Z°(D?(A)) is of infinite dimension, thus the restriction of x to HH?(A) (= A)
is not surjective, see [24] or [23, Propostion 5.2].

It has been implicitly shown in [24, Section 2] that for a triangulated category satisfying
certain Krull-Schmidt property, for instance the bounded derived category of a finite dimen-
sional algebra of infinite representation type, the graded center could be of uncountable
dimension, see also [23, Section 4] for tame hereditary algebra case. Since each compo-
nent of the Hochschild cohomology group of a finite dimensional algebra is always finite
dimensional, the characteristic morphism is not surjective in this case.

We mainly discuss finite dimensional algebras here, and we only consider the injectiv-
ity of characteristic morphisms. We first show that for an algebra A (not necessarily of
finite dimension) with finite global dimension the injectivity of the characteristic morphism
implies the finiteness of the Hochschild cohomology dimension of A, which is by definition
the least integer n such that HH" (A) # 0, see [16, Definition 2].

Theorem 5.2 Let A be a k-algebra of finite global dimension. If the characteristic
morphism of A is injective, then HH" (A) = 0 for sufficiently large n.

Recall that an algebra A is said to be homologically smooth if A has a bounded res-
olution of projective A-bimodules, or equivalently, the projective dimension of A as an
A-bimodule is finite. A homologically smooth algebra always has finite Hochschild coho-
mology dimension. The converse is not true in general. In fact, there exists an algebra A of
finite Hochschild cohomology dimension but of infinite global dimension, see for instance
[9]. Combined with the fact proj.dimy.A > gl.dimA, we know that A is not homologi-
cally smooth. But it still remains unknown to us whether the injectivity of the characteristic
morphism implies the homological smoothness.

The theorem is an easy consequence of the following proposition. Note that the
characteristic morphism factors through Z™ (D?(A-Mod)).

Proposition 5.3 Assume A has global dimension d. Then 7™ (D?(A-Mod)) = 0 unless
0<m<d.

To simplify the proof, we need some notation. Let X® be a complex of A-modules and
n € 7 an integer. We denote by ¢, X* the truncated complex with (¢, X*)" = 0 form >
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n+1,and (1, X*)™ = X" form < n, and d::)(- = dy, for m < n. Thus there exists a

natural map if. 11, X® — X°, given by setting (i,f')’” = Idy~ for m < n, pictorially

0 xn Xl
Xn+1 Xn anl

Then we have the following obvious lemma.

Lemma 5.4 Let f*: X®* — Y* be a homomorphism of complexes of A-modyles. Assume
that f o i,i‘. is homotopic to 0. Then f* is homotopic to some g°® such that g' = 0 for all
i <n.

In fact, by assumption, there exists a family of morphisms {hi X > Y ‘H}isn, such
that f1 = di™'hi + hf—ld;( foralli < n. Wesetg! = fiforalli > n+ 1, g"t! =
frrt— h”d;“, and g' = 0foralli < n.Then f* is homotopic to g°.

Now we can give the proof of the above proposition.

Proof of Proposition 5.3 Since A has finite global dimension, any X*® € DY(A-Mod) has a
projective resolution that is contained in K”(ProjA), where ProjA is the additive category
of projective A-modules. In other words, K”(ProjA) is dense in D? (A-Mod). Moreover, for
any P* € Kb (ProjA),

Home(A-MOd)(P.’ X.) = Home(A—MOd)(P.’ X.).

Thus given any ¢ € Z™(D”(A-Mod)), to show ¢ = 0 it suffices to show that {pe = 0
for any P* € K’ (ProjA).

We use induction on the width of P*®. Let s(P*®) and /(P*) be the smallest and largest
integer n such that P" # 0 respectively. We say that P*® is supported in [s(P*®), [(P*®)]; and
w(P®) =I1(P*®) — s(P*®) + 1is called the width of P°.

Since ¢ is graded commutative with the shift functor [1], we need only to show that
¢pe = O forall n > 0 and those complexes in K b (ProjA) which are supported in [0, ], that
is complexes of the form

e 0P Pl s PP

Clearly w(P*®) = n + 1 in this case.
We deal with the cases m < 0 and m > d separately.

Case1: m <O.
Obviously ¢pe = 0if w(n)+m < 1. We assume that {pe = 0 for all complexes
P* with w(P*®) < n. Now consider the following complex.

i 0> P P s PP

Since w(t"‘lP') < n, {p-1ps = 0 by assumption. Since ¢ is a natural trans-
formation, the composition map ¢pe o i::l = 0in Db(A), thus ¢pe o if:l is
homotopic to zero. By Lemma 5.4, Zps is homotopic to some g® with g = 0 for
alli <n — 1. Now g" is automatically O, and it follows that g* = 0, i.e., {pe is 0

in D?(A-Mod).
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Case2: m >d.
Clearly ¢ps = 0O for all complexes P*® € Kb(ProjA) with w(P*®) < m. We use
induction on w(P*®). Assume that {pe = 0 for all complexes P*® with w(P°®) <
m + n, where n > 0. Now we consider a complex

P .0 prtn s pminl o P00
with w(P*®) = m + n + 1. We will show that {ps = 0.

Write ¢ps = g° for short. Now consider the following map = :

1 —1
Pn+ pr pr .. PO ;
0 Imfl):Jrl pr-1 . po 0
where p” is the natural quotient map.
. . . n . . .
Since A has global dimension d, ImZi”‘H has a projective resolution of the form

n
=0 Q”+d—>--~—> Q”H—)Q”—)W—)O

Then we have a quasi-isomorphism

0 Qner . Qn Pnfl . PO 0.
iqn ‘ H
0 S prt - PO 0

Notice that the top complex has width strictly less than n + m + 1. By induction hypoth-
esis, w[m] o g* is zero in D?(A-Mod) and hence homotopic to zero. Thus there exists a
homotopy h®: w[m] o g®* — 0, pictorially

0 P7n+n P7n+n—1 .. pm Pm—l .
Ve s/ /
3'm+{n m+n ~m+¢{7/1/ m+4n—1 m /
b g ¢ EUSN g g ,
£ ;/ / /
Pn+1 pn Pnfl .. PO 0
Y pmtn / pm—1
n / /
Py /
¥ 14
P -1 0
0 - pr o5 P 0

Let «®, B®: X* — Y* be morphism of complexes. A homotopy h°®: «® — f° is by
definition a family of morphisms {hi: X! — Yi*t1},c7 such that
d'h + T =o' — p
foranyi € Z.
Since p” is surjective, i1t~ lifts to some A" t7—1. pmtn=1 _ pm+1 Tt ig direct to
show that p" (g"*" — "+ ~1d"n"") = 0. Hence there exists some 7"+ : pm+n . prtl
such that gm+n — dn+1iim+n + }"im%»nfldgl;‘rn.
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Set il = k' for i # m +n — 1, m + n. Then the family {(h'}iez, gives a homotopy from
g* to 0, which means that ¢ps = 0 in D?(A-Mod). The proof is competed. O

5.2 The Characteristic Morphism of a Semi-Simple Algebra

Example 5.5 We first recall an example from [6]. Let k be a field of characteristic p.
Assume that k is not perfect. Then there exists some a € k, which has no p-th roots in k.
Consider the field extension A = k[a'/P]. Then HH*(A) is isomorphic to k[x] as an alge-
bra. Clearly the graded center of D”(A) is isomorphic to k, thus the characteristic morphism
is not injective in this case. In fact, we have a more general result.

Theorem 5.6 Let A be a finite dimensional semi-simple algebra over K. Then the following
are equivalent:

(1) A isa projective A-bimodule;

(2) A is separable over k;

(3) A is homologically smooth;

(4) the characteristic morphism x of A is injective.

Proof Note that the equivalence (1)<=>(2) is well known for separable algebras and
(1)==(3) is obvious by definition.

By assumption A is semi-simple and the graded center of the derived category is concen-
trated in degree 0, then the characteristic morphism is injective if and only if HH=!(A) = 0.
Thus (1)==(4) is clear.

Next we show that (4)==(2). Assume that A is nonseparable. Combining Theorem 1.8.1
and Theorem 1.8.3 in [20], one shows that HH! (A) # 0. Since the graded center Z*(D(A))
is concentrated in degree 0, we obtain that Ker(x) 2 HH'(A) # 0. Therefore, if the
characteristic morphism of A is injective, then A must be separable.

We are only left to show the implication (3)==>(2). Notice that the separability condi-
tion and the homologically smooth condition are both preserved under Morita equivalence,
which says that it suffices to prove (3)==>(2) for a finite dimensional division algebra D.

We need the following fact on separable algebras. Let K be the center of D. Then K is a
finite field extension of k such that D is separable over K, and D is separable over k if and
only if K is a separable extension, see for instance [12, Theorem 6.1.2].

Clearly D is a K-linear space, and hence a free K-module. Moreover, D is a direct sum
of copies of K as K ® K-modules, and D ®y D is a free K ® K-module. Now assume
that D is homologically smooth over k. Then D has a bounded resolution of projective
D ® D-modules, which is also a projective resolution of D as K ®y K-modules. Thus the
projective dimension of D as a K-bimodule is finite, and so is K. In particular, HH" (K, K)
vanish for sufficiently large n, therefore K is a separable extension of k by [3, Corollary],
see also [16]. It follows that D is separable over k, and the proof is completed. O

5.3 The Characteristic Morphism of a Path Algebra
Now we turn to path algebras, a special class of hereditary algebras. Note that a semi-simple
algebra is an algebra of global dimension 0, and hereditary algebras, those algebras of global

dimension 1, are the simplest algebras next to semi-simple ones in some sense. We mention
that a path algebra is always homologically smooth. The main result is stated as follows.
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Theorem 5.7 Let A = kQ be the path algebra of a finite acyclic quiver. Then the
characteristic morphism of A is injective.

Proof By [23, Lemma 3.1] and Remark 4.1(3), it suffices to show that x is injective when
restricted to I:IHl (A). That is, for any outer derivation § € Der(A) \ InDer(A), we need to
show that x (§) # 0. There are two cases.

Case 1. §(a) ¢ (a) for some a € A.
This case is easy. In fact, by Lemma 3.6, there exists some A-module M such
1
that the sequence 0 — M _(L)> M @s M o, M — 0 is non-split. Then by
Proposition 3.4, we have x (8) # 0.
Case 2. 6§(a) € {(a) foralla € A.

Let " be a spanning forest of Q. By Proposition 4.6, there exists some &', which is a
linear combination of elements in X with § = &', where X denotes the set {E_)olt7 | ¢ €
01,peQ,plla}\ {5g|a € I'1}. Clearly 8'(a) € (a) foralla € A.

For any o € Q1, set V,, to be the subspace spanned by {p € Q | p || «}. Since Q is
acyclic, obviously (a) NV, = ke, thus 8’ (o) = Aga for some A, € k. By construction of
Xr, we know that §’(a) = 0 for any a € I'y.

Obviously 8" # 0 by the assumption that § is outer. Then there exists some arrow 8 € Q]
such that §'(B8) # 0, that is, 8'(8) = AB for some A # 0. Let I be the left ideal of A
generated by the set

{a —ejwlael, ora=8}U{ly |y €T,y # B}

Consider the left A-module M = A/I. Itis direct to show that M = P, o, keé,.
We claim that there exists no k-linear map f: M — M, such that for any ¢ € A and
m € M, f(am) = af (m) + 8 (a)m. Otherwise, let f be such a map. Then for any v € Qy,

f(év) = f(evév) = evf(év) + 8/(61))50 = evf(év) = A€y
for some A, € k. Moreover, for any @ € I'{, we have

fCrw) = f@) = f(aegw) = af (Es@) + 8 (@)esw) = af Es()),

it follows that )\s(a) = )\,(O,).
By the maximality of a spanning forest, there exist arrows «1, - -- , & € I't, such that
the set {8, oy, - - - , @} forms a cycle. Thus we have A(g) = (). On the other hand side,

Mperp) = f@p) = F(B) = f(Besw) = Bf @sp) + 8 (Besp) = (hsp) + Mer(p).

it forces that A = 0, which leads to a contradiction.
1
0
Thus by Lemma 3.5 the sequence 0 — M —(Sl M @y M Q) M — 0 is non-split,
again by Proposition 3.4, we have x (§) # 0.
Now all possible cases have been exhausted and we are done. O

We mention that our argument does not apply to an arbitrary hereditary algebra, the rea-
son is that in general case, we do not have a nice description of elements in the Hochschild
cohomology groups. However, if the field k is algebraically closed, then we get more. Note
that the Hochschild cohomology and the derived category are both invariant under derived
equivalence, and especially invariant under Morita equivalence. Combined with the fact
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that over an algebraically closed field, any finite dimensional hereditary algebra is Morita
equivalent to a path algebra of a finite acyclic quiver, we draw the following consequence.

Corollary 5.8 Let k be an algebraically closed field and A a finite dimensional hereditary
algebra. Then the characteristic morphism of A is injective.

5.4 A Further Example: the Polynomial Ring k[x]

Example 5.9 We end with an example of a finite quiver with oriented cycles. Consider the
quiver with exactly one vertex and one loop attached. The path algebra of this quiver is k[x],
the polynomial ring in one variable. We claim that in this case, the characteristic morphism
is also injective.

Clearly any nonzero derivation of k[x] is outer. It is well known that any derivation § of
Kk[x] is uniquely determined by its value §(x) at the monomial x, and § is nonzero if and
only if §(x) is nonzero. In fact, §(f(x)) = f/(x)8(x) for any f(x) € k[x], where f'(x) is
the formal derivative of f(x), which is defined by

(anx" 4+ - arx +ag) = na,x"' + - + 2ax + ay.

Let 8§ be a nonzero derivation of Kk[x]. We first show that there exists some irreducible
polynomial i(x) € k[x] with A'(x) # 0 and §(x) ¢ h(x)k[x]. If k is an infinite field,
then 2 (x) can be chosen to be of the form x + A for some A in k. Now assume that k is a
finite field. Let n be a positive integer which is strictly greater than the degree of §(x) and
coprime to the characteristic of k. A well-known result on finite fields says that there exists
at least one irreducible polynomial i (x) € k[x] of degree n. Clearly 4’ (x) has degree n — 1
and hence h'(x) # 0. Moreover, we have §(x) & h(x)k[x] for the degree of §(x) is strictly
less that the one of h(x).

Similarly by comparing the degrees of h(x) and 4'(x) we know that A’ (x) & h(x)k[x].
Since h(x) is irreducible, A (x)k[x] is a maximal ideal and hence a prime ideal. It follows
that §(h(x)) = h'(x)8(x) & h(x)k[x], and by the same argument as in the proof of Theorem
5.7, we obtain that x (5) # 0.

Acknowledgments The authors would like to thank the anonymous referee for a very careful reading of
the manuscript and many helpful suggestions.
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